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Abstract The two-dimensional shallow water equations with a particular bot-
tom and the Coriolis’s force f = f0 + Ωy are studied in this paper. The main
goal of the paper is to describe all invariant solutions for which the reduced system
is a system of ordinary differential equations. For solving the systems of ordinary
differential equations we use the sixth-order Runge-Kutta method.
1 INTRODUCTION
The two-dimensional shallow water equations with a Coriolis’s force f = f0 + Ωy
have the form
ht + uhx + vhy + h(ux + vy) = 0,
ut + uux + uyv − fv + 2hx = Bx,
vt + uvx + vvy + fu+ 2hy = By,
(1)
where h is the deepness of the layer of fluid, (u, v) is the velocity, t is time, (x, y) are
Eulerian coordinates, −B(x, y) is the bottom, f is the Coriolis’s force. Group prop-
erties of the one-dimensional equations (1) with f = 0 were studied in [1]. In [2], the
authors studied group classification of the two-dimensional shallow water equations
in mass Lagrangian coordinates (t, ξ, η) which are introduced by the relations
x˙ = u(t, x, y), y˙ = v(t, x, y), h = J−1,
where x = x(t, ξ, η), y = y(t, ξ, η), J = xξyη−xηyξ, subindexes mean derivatives with
respect to ξ and η, the sign ˙ means the derivative with respect to t. The advantage
of the Lagrangian coordinates is that the differential equations corresponding to (1)
have a variational structure with the Lagrangian
L = 1
2
(x˙2 + y˙2)− (J−1 −B) + x(f0 + Ωy)y˙.
The variational structure allowed the authors of [3, 4] to apply Noether’s theorem
[5] for deriving conservations laws. In [3], the group analysis method was applied to
the two-dimensional shallow water equations in mass Lagrangian coordinates with
the flat bottom B = 0 and f 20 +Ω
2 6= 0. For f = 0 and B = 0 equations (1) coincide
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with the equations describing a two-dimensional isentropic flow of a polytropic gas
with the polytropic exponent γ = 2. Group properties of the two dimensional
gas dynamics equations of a polytropic gas in mass Lagrangian coordinates were
analyzed in [4].
It should be also noted the paper [6], where flows of one-dimensional contin-
uum in Lagrangian coordinates are considered. Equations describing these flows
are reduced to a single Euler-Lagrange equation which contains two undefined func-
tions. Particular choices of the undefined functions correspond to isentropic flows
of an ideal gas, different forms of the hyperbolic shallow water equations. Complete
group classification of the equation with respect to these functions is performed in
[6].
The present paper is devoted to constructing invariant solutions of one of the
models of the two-dimensional shallow water equations obtained in [2]. The analysis
of these invariant solutions is reduced to the study of systems of ordinary differential
equations. For solving these systems we used the sixth-order Runge-Kutta numerical
method.
2 THE STUDIED MODEL
Equations (1) contain the arbitrary function B(x, y) and arbitrary constants f0 and
Ω. Extending the results of [2] to Eulerian coordinates, one finds that the equivalence
group of equations (1) has the basis generators
Xe2 = ∂x, X
e
5 = ∂t, X
e
6 = ∂B, X
e
3 = −Ω∂f0 + ∂y,
Xe1 = y∂y + x∂x − Ω∂Ω + 2B∂B,
Xe4 = y∂y + x∂x − 2Ω∂Ω − f0∂f0 + t∂t.
There is also the involution
t→ −t, Ω→ −Ω.
Using the equivalence transformation related with the generator X3, one can
assume that f0 = 0. Notice also that applying the scaling corresponding to the
generator X4 and involution, the constant Ω can be reduced to Ω = 1.
The group classification of the two-dimensional shallow water equations with
respect to the bottom B(x, y) in mass Lagrangian coordinates led to the following
results [2]. The kernel of admitted Lie algebras, which consists of the generators
admitted by any function B(x, y), is defined by the generators
−ψη∂ξ + ψξ∂η, ∂t,
where ψ(ξ, η) is an arbitrary function. Extensions of the kernel are obtained for
specific functions B(x, y): the extensions are presented in Table 1, where
X0 = −t∂t + 6ξ∂ξ + x∂x + y∂y.
2
B(x, y) extension conditions
1 y4Ψ(z) + q1x
4, (z = xy−1) X0, zΨ′′ − 3Ψ′ 6= 0,
2 q3y
4 + q1x
4 X0, q1 6= 0
3 q3y
4 − qy2 X0 + 4t qΩ∂x, ∂x,
4 2q2x2 + Ωqxy2 + q1x+ g(y) e
2qt∂x, q
2 + q21 6= 0
5 g(y) ∂x, g
′′ − 3y−1g′ 6= const
Table 1: Group classification of equations (1) in mass Lagrangian coordinates.
In Eulerian coordinates the generators X0 + 4t
q
Ω
∂x and e
2qt∂x become, respec-
tively,
−t∂t + (x+ 4 q
Ω
t)∂x + y∂y + 2(2h∂h + (2
q
Ω
+ u)∂u + v∂v),
and
e2qt(∂x + 2q∂u).
In the present paper we consider the model with the maximum extension which
corresponds to the bottom
B(x, y) = q3y
4 − qy2.
Using the study of [2] and extending these results to Eulerian coordinates, one
obtains that system of equations (1) admits the three-dimensional Lie algebra with
the basis generators L3 = {X1, X2, X3}, where
X1 = ∂t, X3 = ∂x,
X2 = −t∂t + (x+ 4 q
Ω
t)∂x + y∂y + 2(2h∂h + (2
q
Ω
+ u)∂u + v∂v).
3 GROUP CLASSIFICATION OF L3
According to the theory of the group analysis method [7], all invariant solutions are
separated into classes of equivalent solutions. The equivalence is considered with
respect to the admitted Lie group corresponding to the Lie algebra L3. For finding
representatives of these classes one can use an optimal system of subalgebras of the
admitted Lie algebra L3 [7]. As the goal of the present paper is to obtain invariant
solutions which are reduced to a system of ordinary differential equations, then one
needs to construct an optimal system of two-dimensional subalgebras of the Lie
algebra L3.
The commutator table of L3 is
X1 X2 X3
X1 0 −X1 + 4 qΩX3 0
X2 X1 − 4 qΩX3 0 −X3
X3 0 X3 0
3
Using the commutator table, one derives the corresponding set of automorphisms
A1 : x¯1 = x1 − ax2, x¯3 = x3 + 4 qΩax2
A2 : x¯1 = x1e
a, x¯3 = 2
q
Ω
x1(e
−a − ea) + x3e−a,
A3 : x¯3 = x3 + x2a,
where xi are coefficients of the generator
X = x1X1 + x2X2 + x3X3.
It is obvious that the two-dimensional subalgebra which does not contain X2 is
the only subalebra {X1, X3}.
If one of the generators of the basis generators of the two-dimensional subalgebra
contains the generator X2, then it can be represented as
X2 + x1X1 + x2X2.
Using the automorphisms A1 and then A3 this generator can be reduced to the
generator:
X2.
Hence, the second generator can be choseen as αX1 + βX3. Composing the com-
mutator [X2, αX1 + βX3], one derives that if α = 1, then β = −2 qΩ . If α = 0, then
one can choose β = 1. Thus, one obtains the subalgebras {X2, X1 − 2 qΩX3} and{X2, X3}.
Therefore, one needs to study the subalgebras
{X1, X3}, {X2, X1 − 2 q
Ω
X3}, {X2, X3}.
4 INVARIANT SOLUTIONS
4.1 Subalgebra {X1, X3}
Invariant solutions with respect to these generators describe stationary one-dimensional
solutions:
h = H(y), u = U(y), v = V (y).
The functions H, U and V can be found in quadratures
V H = c1, U = Ωy
2/2 + c2,
V 2 + 1
4
Ω2y4 + Ωc2y
2 + 4H − 2y2(q3y2 − q) = c3, (2)
where c1, c2 and c3 are constant.
For finding the function H(y) we used the Runge-Kutta method by solving the
ordinary differential equation
H ′ = H3y(2c2Ω + Ω2y2 + 4q − 8q3y2)(2(c21 − 2H3)−1.
4
The calculations were from a = 1.4 up to b = −1.4 with the following parameters
q3 = 5, q = 5, Ω = 1, H(a) = 1.5, V (a) = 6, U(a) = 0.317. In calculations we also
controlled that the left-hand side of the third equation of (2) is constant. Results
of these calculations are presented in Fig. 1. It should be noted that if the velocity
U(a) decreases, for example U(a) = 0.316, then the solution is destroyed as the
denominator vanishes at y = −.7. If the velocity U(a) increases, then the humps
around y = −.7 and y = .7 become smoother.
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Figure 1: Solution invariant w.r.t. {X1, X3} with parameters q = 5. and q3 = 5..
4.2 Subalgebra {X2, X1 − 2 qΩX3}
Invariants of this subalgebra are
(x+ 2
q
Ω
t)y−1, hy−4, (u+ 2
q
Ω
)y−2, vy−2.
Hence, a representation of an invariant solution is
h = y4H(z), u = −2 q
Ω
+ U(z), v = y2V (z),
where z = (x+ 2 q
Ω
t)y−1. The reduced system of equations becomes
cH ′ =
Nh
Dh
, U ′ =
Nu
Du
, V ′ =
Nv
Du
, (3)
where
Nh = 8H
2z +H(ΩUz + ΩV − 4q3z + 4UV − 4V 2z),
Dh = 2H(z
2 + 1)− (U − V z)2,
Nu = −16H2z + 2H(−ΩUz + ΩV z2 + 4q3z − 2UV z2 − 6UV + 4V 2z)
+V (−ΩU2 + 2ΩUV z − ΩV 2z2 + 2U3 − 4U2V z + 2UV 2z2),
Du = (U − V z)Dh,
Nv = −16H2 + 2H(−ΩU + ΩV z + 4q3 + 4U2 − 4UV z − 2V 2z2 − 2V 2)
+ΩU3 − 2ΩU2V z + ΩUV 2z2 − 4q3U2 + 8q3UV z − 4q3V 2z2
+2U2V 2 − 4UV 3z + 2V 4z2,
Notice that the right-hand sides of equations (3) do not depend on q. The solution
has some similarities with a travelling wave type solutions. The results of calcula-
tions with U(−30) = −3, V (−30) = 5, H(−30) = 2 are given in Fig. 2.
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Figure 2: Solution invariant w.r.t. {X2, X1 − 2 qΩX3} with the parameter q3 = 5.
4.3 Subalgebra {X2, X3}
Invariants of this subalgebra are
yt, ht4, (u+ 2
q
Ω
)t2, vt2.
Hence, representation of an invariant solution is
h = t4H(z), u = −2 q
Ω
+ t−2U(z), v = t−2V (z),
where z = yt. The reduced system of equations becomes
H ′ = (2H − (V + z)2)−1(4Hz(q3z2 − 1)−HUz − 2HV ),
U ′ = (V + z)−1(2U + V z),
V ′ = (2H − (V + z)2)−1(8H + UV z + Uz2 − 2V 2 − 2V z(2q3z2 + 1)− 4q3z4).
(4)
It should be noted that the right-hand sides of equations (4) also do not depend on
q. The results of calculations with U(−30) = −3, V (−30) = 5, H(−30) = 2 are
given in Fig. 3.
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Figure 3: Solution invariant w.r.t. {X2, X3} with the parameter q3 = 1.
5 CONCLUSION
The main result of the present paper is the complete set of invariant solutions of
system (1) for which a reduced system is a system of ordinary differential equations.
6
There are three such classes of solutions. Analysis of these invariant solutions is
performed by the Runge-Kutta numerical method. It was noted that the parameter
q does not have an influence on deriving the functions H, U and V in cases of
{X2, X1 − 2 qΩX3} and {X2, X3}, whereas in the case {X1, X3} it has substantial
influence. In all cases the numerical solutions are destroyed when the corresponding
denominator was vanishing.
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